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Abstract. This paper addresses the quasi-isometry classification of locally com- 
pact groups, with an emphasis on amenable hyperbolic locally compact groups. 
This encompasses the problem of quasi-isometry classification of homogeneous 
negatively curved manifolds. We state several conjectures; one classifying homo- 
geneous negatively curved manifolds up to quasi-isometry, one claiming that a 
homogeneous negatively curved manifold quasi-isometric to a homogenous graph 
p<J of finite valency has to be quasi-isometric to a rank 1 symmetric space. In the 

course of the paper, we provide statements of quasi-isometric rigidity for general 
symmetric spaces of non-compact type and also discuss accessibility issues in the 
^ realm of compactly generated locally compact groups. 
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l.A. Synopsis. It has been well understood in harmonic analysis that locally com- 
pact groups are the natural setting unifying the setting of connected Lie groups and 
discrete groups. In the context of geometric group theory, this point of view is still 
far from universal. For a long period, notably in the 70s, this point of view was used 
essentially by Herbert Abels, and, more ponctually, some other people including 
Behr, Guivarc'h, Houghton. The considerable influence of Gromov's work paradox- 
ically favored the bipolar point of view discrete vs continuous, although Gromov's 
ideas were applicable to the setting of locally compact groups and were sometimes 
stated (especially in |Gr87j ) in an even greater generality. 

This paper is concerned with the quasi-isometric classification of amenable hyper- 
bolic locally compact groups. While for discrete groups this problem is not interest- 
ing (as the answer is that it falls into two classes, finite groups and infinite virtually 
cyclic groups), in the locally compact setting it is still an open problem, including 
many interesting issues and a lot of nontrivial known results that are generally not 



properly stated. The main discussion is in ^5. A 

Part of this paper (esp. Sections [s] and |4]) appears as a kind of survey of important 
results unjustly not previously stated in the literature but whose proof gathers 
various ingredients from existing work along with minor additional features. 



Section 5. A contains two fundamental conjectures concerning the quasi-isometric 



classification of homogeneous negatively curved manifolds. Conjecture 5. A. 8 and 



Conjecture 5.B.5 they are not, at the moment, as well-known as they deserve. 
The reduction from the general conjectures to more specific ones makes use of the 
previous sections as well as the main results of |CCMTj . 

l.B. From negatively curved Lie groups to focal hyperbolic groups. In 

1974, in answer to a question of Milnor, Heintze |He74] characterized the connected 
Lie groups of dimension at least 2 admitting a left-invariant Riemannian metric 
of negative curvature as those of the form G = N xi H where R acts on as a 
one-parameter group of contractions; the group is necessarily a simply connected 
nilpotent Lie group; such a group G is called a Heintze group. He also showed that 
any negatively curved connected Riemannian manifold with a transitive isometry 
group admits a simply transitive isometry group; the latter is necessarily a Heintze 
group (if the dimension is at least 2). The action of a Heintze group G = A^ x R 
on the sphere at infinity dG has exactly two orbits: a certain distinguished point 
u and the complement dG \ {w}, on which the action of A^ is simply transitive. 
This sphere admits a visual metric, which depends on several choices and is not 
canonical; however its quasi-symmetric type is well-defined and preserved under 
quasi-isometries. The study of quasi-symmetric transformations of this sphere was 
used by Tukia, Pansu and R. Chow jTu86| IPa89m| ICh96] to prove the quasi-isometric 
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rigidity of the rank one symmetric spaces of dimension at least 3. Pansu also initiated 
such a study for others Heintze groups jPa89ml IPa89d] . 

On the other hand, hyperbolic groups were introduced by Gromov |Gr87j in 1987. 
The setting was very general, but for many reasons their study was especially focused 
on discrete groups with a word metric. In particular, amenability was untimely 
considered as essentially incompatible with hyperbolicity, while this is not true in 
the locally compact setting, since there is a wide variety of amenable hyperbolic 
locally compact groups, whose quasi-isometry classification is open at the moment. 
The purpose of this note is to describe the state of the art as regards this problem. 

In 2005, I asked Pierre Pansu whether there was a known characterization of 
(Gromov-) hyperbolic connected Lie groups, and he answered me that the answer 
could be obtained from his estimates |Pa07] (which was extracted from an unpub- 
lished manuscript going back to 1995) combined with a vanishing result later ob- 
tained by Tessera |Te09j : an algebraic characterization of hyperbolic groups among 
connected Lie groups was finally given in |CT11] . namely such groups are either 
compact, Heintze- by-compact, or compact-by- (simple of rank one). This approach 
consisting in proving, using structural results of connected Lie groups, that any 
connected Lie group not of this form cannot be hyperbolic. 

In |CCMT] , using a more global approach, namely by studying the class of focal 
hyperbolic groups, this was extended to a general characterization of all amenable 
locally compact groups admitting a cocompact closed amenable subgroup (every 
connected locally compact group admits such a subgroup). Namely 

Theorem 1.1 ( |CCMT] ). Let G be a compactly generated hyperbolic locally compact 
group with a cocompact closed amenable subgroup. Then exactly one of the following 
holds 

(a) G is compact; 

(b) G admits as a cocompact lattice; equivalently G has a maximal compact normal 
subgroup W andG/W is isomorphic to a closed cocompact subgroup of isometrics 
o/R (and thus is isomorphic to one of the 4 groups Isom'*"(Z) ~ Z, Isom(Z) ~ 
Doo, Isom"'"(R) ~ R, or Isom(R). 

(c) (focal case) G is amenable and non-unimodular. Then G is isomorphic to a 
semidirect product N y\ Z or x R, where the non-compact subgroup N is 
compacted by the action of positive elements tofZ or R, in the sense that there 
exists a compact subset K of N such that tKt~^ C K and [jn>it~'^Kt^ = N. 

(d) (general type case) G is non-amenable. Then G admits a continuous, proper 
isometric, boundary-transitive (and hence cocompact) action on either a rank 1 
symmetric space of non- compact type, or on a bounded valency tree (necessarily 
biregular) not of valency < 2. 

The cases of (§) and Q are the non-elementary cases. It should be noted that the 
case of (|c]) is considerably more general than the case of (|d]), since any group as in 
([d]) admits a closed cocompact subgroup of the form in ([c]), namely the stabilizer of a 
boundary point, while a group as in ([c]) is generally not quasi-isometric to any group 
as in ([d]), and more generally is not quasi-isometric to any non-amenable compactly 
generated locally compact group, see the discussion in Section [KB This is actually 



a source of difficulty in the quasi-isometry classification: namely those groups in ([c]) 
that embed cocompactly in a non-amenable groups bear "hidden symmetries"; see 



Conjecture 5.B.9 and the subsequent discussion. 



Here is an outline of the sequel. 
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• Section |2] contains some preliminary material, especially from |CCMTj . 

• In Section [3} we give the quasi-isometric rigidity statements for symmetric 
spaces of non-compact type in the locally compact setting. These results 
are due to Kleiner-Leeb, Tukia, Pansu and R. Chow, Casson-Jungreis and 
Gabai. 

• In Section |4], we give the quasi-isometric rigidity statements for trees in the 
locally compact setting, emphasizing on the notion of accessibility (in its 
group-theoretic and its graph-theoretic versions). These results are due to 
Stallings, Dunwoody, Abels, Thomassen-Woess, and Kron-MoUer. 

• The core of this paper is Section |5| We give some conjectural statements 
giving a general picture of the quasi-isometry classification of hyperbolic 
amenable locally compact groups. We survey the various known results 
towards this conjecture, on the one hand those following from the previous 
sections (regarding rank one symmetric spaces and trees), and on the other 
hand those concerning other focal hyperbolic locally compact groups, which 
essentially boil down to the quasi-isometry classification of negatively curved 
homogeneous manifolds. The main results in this directions are due to 
Pansu and recent progress has been made by X. Xie. 

2. Preliminaries 

We freely use the shorthand LC-group for locally compact group, and CGLC- 
group for compactly generated LC-group. 

2. A. Quasi-isometries. 

2.A.I. The large-scale language. Recall that a map f : X ^ Y between metric space 
is a large-scale Lipschitz map if there exists > 0, a G R such that d{f{xi), f{x2)) < 
fid{xi,X2) + a for all xi, X2 G X; we then say / is (/x, a)-Lipschitz. Maps / : X — ^ F 
are at bounded distance, denoted / ~ /' if sup^g^^ (i(/(x), /'(x)) < oo; if this 
supremum is bounded by a we write f ^ f. 

A quasi-isometry / : X — )■ y is a large-scale Lipschitz map such that there exists 
a large-scale Lipschitz map f : Y ^ X such that / o /' ~ idy and /' o fidx', the 
map /' is called an inverse quasi-isometry to /; it is unique modulo ~. 

A large-scale Lipschitz map X — j- y is coarsely proper if, using the convention 

inf = \- oo, the function F(r) = mf{d{f{xi),f{x2)) : d{xi,X2) > r} satisfies 

lim+oo F = +00. 

Every CGLC-group G can be endowed with the left-invariant distance defined 
by the word length with respect to a compact generating subset. Given two such 
distances, the identity map is a quasi-isometry, and therefore the notion of large- 
scale Lipschitz map, quasi-isometries, etc. from or into G are independent of the 
choice of a compact generating set. 

2. A. 2. Hyperbolicity. A geodesic metric space is hyperbolic if there exists 5 > 
such that for every triple of geodesic segments [ah], [be], [ac] and x G [be] we have 
d{x, [ab] U [ac]) < 6. To be hyperbolic is a quasi-isometry invariant among geodesic 
metric spaces. Thus a locally compact group is called hyperbolic if it is compactly 
generated and the 1-skeleton of its Cayley graph with respect to some/any compact 
generating subset is hyperbolic. By |CCMTl §2], this holds if it admits a continuous 
proper cocompact isometric action on a proper geodesic hyperbolic metric space. 
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2. A. 3. Metric amenability. A locally compact group with left Haar measure A is 
amenable (resp. metrically amenable) if for every compact subset 5* and e > there 
exists a compact subset F of positive Haar measure such that \{SF \ F)/X{F) < e, 
resp. X{FS \ F)/X{F) < e. 

Note that for a left-invariant distance, FS is the "1-thickening" of F and justifies 
the adjective "metric". The following lemma is |Te08[ Theorem 2]. 

Lemma 2.A.I. We have 

(a) A locally compact group is metrically amenable if and only if it is both amenable 
and unimodular; 

(b) to be metrically amenable is a quasi-isometry invariant among CGLC-groups. 

□ 

Let us emphasize that being amenable is not a quasi-isometry invariant, in view of 
the inclusion R x R C SL2(R). The problem of which amenable CGLC-groups are 
quasi-isometric to non-amenable ones is a very interesting one, it will be addressed 



in the context of hyperbolic LC-groups in [:5.B 



2.B. Types of hyperbolic groups. Gromov |Gr87] splits isometric group actions 
on hyperbolic spaces into 5 types: bounded, horocyclic, lineal, focal, and general 
type, see |CCMT[ §3], from which we borrow the terminology. When specifying this 
to a the action of a CGLC-group G on itself (or any continuous proper cocompact 
isometric action of G) we get the four types, the first 2 of which are called elementary 
and the last 2 are called non-elementary: 

• dG is empty, G is compact; 



• dG has 2 elements, G admits Z as a cocompact lattice (see Corollary 4.D.2 
for more characterization) 

• dG is uncountable and has a G- fixed point: G is called a focal hyperbolic 
group; 

• dG is uncountable and the G-action is minimal: G is called a hyperbolic 
group of general type. 

Among hyperbolic LC-groups, focal groups can be characterized as those that 
are amenable and non-unimodular, and general type groups can be characterized 
as those that are not amenable. Those general type groups referred to in Theorem 



LI are the exception among general type hyperbolic groups, insofar as most gen- 
eral type groups (e.g. discrete non-elementary hyperbolic groups) have no amenable 
cocompact subgroup. 

Focal hyperbolic groups soon disappeared from the literature after |Gr87] , because 
the focus was made on proper discrete groups, for which the applications were 
the most striking. Except in the connected or totally disconnected case (and with 
another point of view), they reappear in [CTllj . before they were given a structural 
characterization in |CCMT] . 

2.C. Millefeuille spaces and amenable hyperbolic groups. We here recall the 



definition of millefeuille spaces, which will be used in the proof of Proposition |5.B.7 
Given a metric space X, define a Busemann function as a limit, uniform on 
bounded subsets, of functions of the form x i— )■ d{x, xq) + cq for xq G X and cq G 
R. By Busemann metric space, we mean a metric space (X, h) endowed with a 
Busemann function; a shift-isometry of (X, h) is an isometry / of X preserving h up 
to adding constants, i.e. such that x b{f{x)) — b{x) is constant. A homogeneous 
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Busemann metric space means a Busemann metric space with a transitive group of 
shift-isometries. 

Let {X,b) be a complete CAT(/t) Busemann space (—00 < k < 0). For k a 
non- negative integer, let be a (A; + l)-regular tree (identified with its 1-skeleton), 
endowed with a Busemann function denoted by b' (taking integer values on vertices). 
Note that the Busemann space (T^, b') is unique up to combinatorial shift-isometry. 
The millefeuille space X[b, k], introduced in |CCMTl §7], is by definition the topo- 
logical space 

{x,y)eXxTk\b{x)=b'{y). 
Call vertical geodesic in T^, a geodesic in restriction to which b' is an isometry. Call 
vertical leaf in X[b, k] a (closed) subset of the form X[b, k] fl {X x V) where \^ is a 
vertical geodesic. In |CCMTl §7], it is observed that there is a canonical geodesic 
distance, defining the topology, and such that in restriction to any vertical leaf, 
the canonical projection to X is an isometry. Moreover /c] is CAT(/€), and is 
naturally a Busemann space, the Busemann function mapping {x, y) to b{x) = b'{y). 
Note that X[b,0] = X. 

We have the following elementary well-known lemma 

Lemma 2.C.I. Let X be a homogeneous simply connected negatively curved Rie- 
mannian manifold of dimension > 2. Then exactly one of the following holds: 

(a) Isom(X) fixes a unique point in dX . 

(b) X is isometric to a singleton, R or a symmetric space of rank 1 and non-compact 
type; in particular Isom(X) is transitive on dX. 

In particular, Isom(X) has a unique closed orbit on dX, which is either a singleton 
or the whole dX. 

(Note that if X is not homeomorphic to the circle, the assumption "simply con- 
nected" is redundant, keeping in mind that Riemannian manifolds are implicitly 
assumed connected.) 

Proof. We use that G = Isom(X) is hyperbolic and the action of G on X is conjugate 
to the left action of G on itself. If G is amenable, it is focal hyperbolic and thus 
fixes a unique point ux on the boundary and G is transitive on X \ {00 x} (see for 
instance [CCMTl Proposition 5.5(iii)]), thus {oux} is the unique closed G-orbit. 

Otherwise, it is hyperbolic of general type and virtually connected, and thus, by a 
simple argument (see |CCMTt Proposition 5.10]), is isomorphic to an open subgroup 
in Isom(y) for some rank 1 symmetric space Y of non-compact type. Let K G G 
be the stabilizer in G of one point Xq G X, by transitivity we have X ~ G/K as 
G-spaces. Since X is CAT(-l) (up to homothety) and complete, i^' is a maximal 
compact subgroup of G. Thus K is also the stabilizer of one point in Y, and the 
identifications X ~ G/K ~ y then exchange G-invariant Riemannian metrics on 
X and those on Y. Since on Y, G-invariant Riemannian metrics are unique up to 
scalar multiplication and are symmetric, this is also true on X. So X is symmetric 
and in particular Isom(X) is transitive on dX. □ 

Definition 2.C.2. Let X be a homogeneous simply connected negatively curved 
Riemannian manifold. A distinguished boundary point is a point in the closed 



Isom(X)-orbit in dX (see Lemma 2.C.1). A distinguished Busemann function is 



a Busemann function attached to a canonical boundary point. 

Lemma 2.C.3. Let X be a homogeneous simply connected negatively curved Rie- 
mannian manifold. For any two distinguished Busemann functions b, b' on X , there 



ON THE QI CLASSIFICATION OF FOCAL HYPERBOLIC GROUPS 



7 



exists an isometry from {X,b) to {X,b'), i.e., there exists an isometry f : X ^ X' 
such that b = b' o f . 

Proof. Let u and u' be the distinguished points associated to b and b'. Since all 
distinguished points are in the same Isom(X)-orbit, we can push b' forward by a 
suitable isometry and assume u' = u. Since the stabilizer in Isom(X) of u is 
transitive on X, it is transitive on the set of Busemann functions attached to u. 
Thus there exists / as required. □ 



Lemma 2.C.3 allows to rather write X[k] with no reference to any Busemann func- 
tion, whenever X is a homogeneous simply connected negatively curved Riemannian 
manifold. 

The relevance of these spaces is due to the following theorem from |CCMTt §7] 

Theorem 2.C.4. Let G be a noncompact LC-group. Equivalences: 

• G is amenable hyperbolic; 

• for some integer k > 1 and some homogeneous simply connected negatively 
curved Riemannian manifold of positive dimension d, the group G admits 
a continuous, proper and cocompact action by isometrics on the millefeuille 
space X[k], fixing a point (or maybe a pair of points if {k,d) = (1, 1)) on 
the boundary. 

Let us now describe the topology of the boundary of 9X[A;]. 

Proposition 2.C.5. Let X be homogeneous negatively curved d-dimensional Rie- 
mannian manifold (d > 1) endowed with a surjective Busemann function and k > 1. 
Then dX[k] is homeomorphic to the one-point compactification of 

• R*^-! ifk = l andd> 2; 

• R*^^-*^ X Z X C if k >2, where C is a Cantor space. 
In particular, its topological dimension is d — 1. 

Note the well-known particular cases: 

• li d = 1 and k > 2, then X[k] is a tree and is homeomorphic to a 
Cantor space. 

• If (i > 2 and k = 1, then X[k] is a d-sphere. 

• If {d, k) = (1, 1), X[k] is the real line and (9X[/i;] is the 0-sphere (a pair of 
points). 



Proof of Proposition \2. C.5[ We can pick a group Gi = Xi x Z properly cocompactly 
on X, shifting the Busemann function by integer values, such that the action of Z 
contracts the simply connected nilpotent (rf— l)-dimensional Lie group Ni, and G2 = 
X2 xi Z acting transitively on the tree, where Z contracts N2. Then G = {Ni x A^2) 
acts properly cocompactly on X[k], and the action of Ni x A^2 on dX[k] \ {(^} 
is simply transitive (see the proof of |CCMTl Proposition 5.5]). So X[k] \ {00} is 
homeomorphic to Ni x ^2 and thus X[k] is its one-point compactification. (This 
proof makes use of homogeneity for the sake of briefness, but the reader can find a 
more geometric proof in a more general context.) □ 

Corollary 2.C.6. The classification of the spaces dX[k] up to homeomorphism is 
given by the following classes 

• k = l,d>lis fixed: dX[k] is a {d — 1) -sphere; 

• k >2 is not fixed, d> 1 is fixed: dX[k] is a "Cantor bunch" of d- spheres. 
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Proof. The homeomorphy type of the space detects d, since d — 1 is its topo- 

logical dimension. Moreover, it detects whether k = 1 or k > 2, because is 
locally connected in the first case and not in the second. □ 

Corollary 2.C.7. Let uj he the distinguished point in dX[k] (the origin of its dis- 
tinguished Busemann function). Consider the action o/ Homeo(9X[/c]) on dX[k]. 
Then 

• ifmin{k,d) = 1 then this action is transitive; 

• ifmin{k,d) > 2 then this action has 2 orbits, namely the singleton {u} and 
its complement dX[k] \ {(^}. 

Proof. The space \ {u} is homogeneous under its homeomorphisms, and thus 

any transitive group of homeomorphism extends to the one-point compactification. 
It remains to discuss whether uj belongs to the same orbit. 

• If mm{k,d) = 1, then is a Cantor space or a sphere and thus is 
homogeneous under its group of homeomorphisms. 

• If mm{k,d) > 2, and x G then X[k] \ {x} is connected if and only 
ii X ^ u. In other words, u is the only cut-point in (9X[A;] and thus is fixed 
by all homeomorphisms. 

□ 

Remark 2.C.8. Another natural topological description of the visual boundary 
is that it is homeomorphic to the smash product dX A dT of the boundary 
of X and the boundary of T, and is thus homeomorphic to the {d — l)-fold reduced 
suspension of dT, where d = dim(X). Actually, this allows to describe the whole 
compactification X[k] = X[k]UdX[k] as the smash product of T and a (d— l)-sphere. 

Remark 2.C.9. The dimension dim(X) can also be characterized as the asymptotic 
dimension of X[k], giving another proof that it is a QI- invariant of X[k]. 

2.D. Cayley- Abels graph. We will use the following elementary fact due to Abels 
|Ab74l Beispiel 5.2] (see poOTl §11.3]). 

Proposition 2.D.1 (Abels). Let G be a locally compact group. Then G admits a 
continuous, proper and cocompact action on a finite valency graph if and only if G 
has an open compact subgroup (i.e., is compact-by- (totally disconnected)); if so, the 
action can be chosen to be vertex-transitive. □ 

2.E. Focal hyperbolic groups. 

2.E.I. Focal hyperbolic groups of connected type. Recall that Lie groups are not 
assumed connected and thus include discrete; a locally compact group is by definition 
compact-by-Lie if it has a compact normal subgroup so that the quotient is Lie. This 
is equivalent to (connected-by-compact)-by-discrete. 

We say that a focal hyperbolic group is of connected type if it is compact-by-Lie. 
The following proposition is contained in |CCMTt Theorem 7.3]. 

Proposition 2.E.I. Let G be a focal hyperbolic LC-group. Equivalences: 

• G is of connected type; 

• the kernel of its modular function is compact-by-Lie; 

• its boundary is a sphere; 

• it admits a continuous, proper cocompact isometric action on a homogeneous 
simply connected negatively curved manifold of dimension > 2. 
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Figure 1. The boundary of H|{^[2]. Except at the singular point, it 
is locally modeled on the product of a dyadic Cantor space and a line. 

• G has a maximal compact normal subgroup W and G/W is isomorphic to 
a semidirect product N xi Z or N xiH, where N is a virtually connected Lie 
group and the action of Z or R is compacting. □ 

Lemma 2.E.2. Let G be focal hyperbolic CGLC group of connected type. Then 
there exists a purely real Heintze group H , a negatively curved simply connected 
Riemannian manifold X , and continuous isometric proper transitive actions of G 
and H on X , the action of H being simply transitive. In particular, G is quasi- 
isometric to a purely real Heintze group. 

Proof. By definition, G has a continuous, proper cocompact isometric action on a 
homogeneous simply connected negatively curved manifold X of dimension > 2. 
By |He74l Proposition 1] , there exists a simply transitive simply connected solvable 
group Hi in H2 = Isom(X), which is a virtually connected Lie group. The adjoint 
action of Isom(X) on its Lie algebra f)2; defines the homomorphism H2 — )■ GL(f)2) 
which is injective and is easily seen to be proper in restriction to the closed cocompact 
subgroup Hi, and therefore is proper. A straightforward adaptation of the proof 
of |Co08[ Lemma 3.4] thus shows that there exist cocompact closed embeddings 
H2 <Z H3 D H (found inside GL(f)2)) with H a purely real Heintze group. Then if 3 
also admits a continuous proper transitive isometric action on a simply connected 
negatively curved manifold Y, on which both G (through its homomorphism into 
Isom(X)) and H act, the action of H being simply transitive. □ 

We say that a class C of locally compact groups is CCK-closed (Commensurable 
up to Compact Kernels) if for every continuous proper homomorphism G H with 
cocompact image between LC-groups, we have G e C if and only ii H E C. It means 
it is invariant under cocompact closed inclusions and quotients by compact kernels. 



Note that the class of CGLC groups is CCK-closed. Using Theorem 1.1, we obtain 
the following result. 
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Proposition 2.E.3. The class Cf^^ of focal hyperbolic groups of connected type not 
quasi-isometric to any rank 1 symmetric space of noncompact type is CCK-closed. 

Proof. Suppose we have a continuous proper homomorphism G ^ H with cocom- 
pact image. We have to show that G E C ii and only H E C. Note that the class of 
focal hyperbolic groups of connected type is obviously CCK-closed within the class 
of focal hyperbolic groups, so the only thing to check is that G is focal if and only 
H is focal. 

That H focal implies G focal is obvious. Conversely, assume G focal. If by 
contradiction H is of general type, then by Theorem l.lp ), it is quasi-isometric to 



some rank 1 symmetric space of noncompact type (which is excluded) or to a tree, 
which is also excluded since the boundary of if is a positive- dimensional sphere. □ 

A stronger result would be that the class Cf^^ be closed under quasi-isometries; 
this is the main conjecture discussed in §5.B see Remark 5.B.8 



2.E.2. Focal hyperbolic groups of totally disconnected type. Similarly we say that 
a focal hyperbolic group is of totally disconnected type if its identity component is 
compact. From |CCMTl Theorem 7.3] we can also extract the following proposition. 

Proposition 2.E.4. Let G be a focal hyperbolic LC-group. Equivalences: 

• G is of totally disconnected type; 

• the kernel of its modular function has a compact identity component; 

• it admits a continuous, proper cocompact isometric action on a regular tree 
of finite valency greater than 2. 

• it is isomorphic to a strictly ascending HNN- extension over a compact group 
endowed with an injective continuous endomorphism with open image. 

Note that all focal hyperbolic LC-groups of totally disconnected type are in the 



same CCK class (as defined before Proposition 2.E.3), using that the isometry group 
of a regular tree contains a cocompact lattice isomorphic to the free group of rank 
1 + d\ for all d large enough. 

2.E.3. Focal hyperbolic groups of mixed type. Finally, we say that a focal hyperbolic 
group is of mixed type if it is neither of connected or totally disconnected type. 
Specifying once again |CCMTt Theorem 7.3], we obtain 

Proposition 2.E.5. Let G be a focal hyperbolic LC-group. Equivalences: 

• G is of mixed type; 

• the kernel of its modular function is neither compact- by- Lie, nor compact- 
by-(totally disconnected) ; 

• it admits a continuous, proper cocompact isometric action on a pure mille- 
feuille space X[k], i.e. satisfying min(dim(X), /c) > 2. 

• it has a maximal compact normal subgroup W such that G/W has an open 
subgroup of finite index isomorphic to a semidirect product {Ni x A^2) x Z, 
where Z acts on Ni x N2 by compaction preserving the decomposition, Ni 
is a connected Lie group and N2 is totally disconnected. 



An analogue of Proposition 2.E.3 is true for the whole class of focal hyperbolic 



groups of mixed type, with a similar proof; however we do not state it as a stronger 



result will be proved without much more effort in Proposition |5.B.3[ see Remark 

As far as I know, it seems that focal groups of mixed type were not considered 
before [CTTl] . 



ON THE QI CLASSIFICATION OF FOCAL HYPERBOLIC GROUPS 



11 



2.F. Carnot groups. 

Definition 2.F.I. Let us say that a purely real Heintze group xi R is of Carnot 
type if, denoting by (A^*)i>i the descending central series, it satisfies one of the three 
equivalent conditions 

(i) the action of R on A^/[A^, A^] is scalar; 

(ii) the action of R on N^/N^'^^ is scalar for all i; 

(iii) there is a linear decomposition of the Lie algebra n = 0jli f j such that, for 
some A G R \ {0} the action of every t G R on is given by multiplication 
by exp(jAt) for all j > 1 and such that 0j>j = n\ 

We need to justify the equivalence between the definition. The trivial implications 
are (iii)^(iii)^([i]). To get ^ from observe that as an module (for the action 
of the one-parameter subgroup), nYn*+^ is a quotient of (n/[n, n])®*, so if the action 
on n/[n, n] then so is the action on nYn*+^. To get (iii) from use a characteristic 
decomposition of the action of the one-parameter subgroup. 

Remark 2.F.2. If a purely real Heintze group G = x R is of Carnot type then 
iV is a Carnot gradabl^ nilpotent group, in the sense that its Lie algebra admits 
a Carnot grading, i.e. a Lie algebra grading n = 0j>i t>i such that n-' = 0i>j Oi 
for all j. Conversely if is Carnot gradable, then up to isomorphism it defines 
a unique purely real Heintze group of Carnot type Carn(A^). This is because a 
simply connected nilpotent Lie group A^ is gradable if and only if its Lie algebra n 
is isomorphic to the graded Lie algebra grad(n) defined as 0j>inYn'"'"^ (where the 
bracket is uniquely defined by factoring the usual bracket n* x n' — )■ n*+-'), so that 
if n is Carnot gradable then any two Carnot gradings define the same graded Lie 
algebra up to graded isomorphism. 

2.G. Boundary. Let X be a proper geodesic hyperbolic space and dX its boundary. 
Then X = X U dX has natural compact topology, for which X is open and dense. 

If X and Y are proper geodesic hyperbolic spaces, every quasi-isometry f : X ^ Y 
has a unique extension f : X ^ Y that is continuous on dX. This extension / maps 
dX into dY and is functorial; moreover f = g ii f and g are at bounded distance; 
in particular / induces a homeomorphism dX — )■ dY whose inverse is g, where g is 
any inverse quasi-isometry for /. 

The boundary carries a so-called visual metric. For such metrics, the homeo- 
morphism / above is quasi- symmetric in the sense that there exists an increasing 
function F : [0, oo[ — [0, oo[ such that 

d{f{x),f(y)) ^fd(x,y)\ , , 



3. QUASI-ISOMETRY RIGIDITY OF SYMMETRIC SPACES 

3. A. The Ql-rigidity statement. The general Ql-rigidity statement for symmet- 
ric spaces of noncompact type is the following. On a Riemannian symmetric space 
of noncompact type, the metric is well-defined up to rescaling of the factors. We call 
the metric regular if all homothetic factors are isometric; this can always be ensured 
by a suitable rescaling (for instance, requiring that the infimum of the sectional 
curvature on each factor is —1). 



^In the literature, "Carnot gradable" is usually referred to as "graded" but this terminology is 
in practice a source of confusion, inasmuch as nilpotent Lie algebras may admit other interesting 
gradings. 
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Theorem 3.A.I. Let X be a symmetric space of noncompact type with a regular 
metric. Let G be a compactly generated locally compact group, quasi-isometric to 
X . Then G has a continuous, proper cocompact action by isometrics on X . 

This statement is mostly known in a weaker form, where G is assumed to be 
discrete and sometimes in an even much weaker form, where one aUows to pass to a 
finite index subgroup. Still, it is, modulo a continuity part of the following stronger 
result concerning arbitrary cocompact large-scale quasi-actions on X of arbitrary 
groups (with no properness assumption) which, up to a minor continuity issue, is 
due to Kleiner and Leeb. 



Before going into the proof, let us indicate some corollaries of Theorem 3.A.1 
They illustrate the interest of having a statement for CGLC-groups instead of only 
finitely generated groups. 

Corollary 3. A. 2. Let X be a symmetric space of noncompact type with a regular 
metric. Let Y be a vertex-transitive, finite valency connected graph. Assume that 
Y is quasi-isometric to X . Then there exists a cocompact lattice T C Isom(X) and 
an extension W T ^ T with W compact, such that T admits a proper transitive 
action on Y ; moreover there exists a connected graph Z on which T acts prop- 
erly and transitively, with a surjective finite-to-one 1-Lipschitz equivariant quasi- 
isometry Y Z,. 

Proof. Let G be the automorphism group of Y; this is a totally disconnected LC- 
group; since Y is vertex-transitive, it is compactly generated and quasi-isometric to 



Y and hence to X. By Theorem 3.A.1 there is a proper continuous homomorphism 
with cocompact image G — )■ Isom(X). Since Isom(X) is a Lie group, this homomor- 
phism has an open kernel K, compact by properness. So the image is a cocompact 
lattice r. 

To obtain Z, observe that the ii"-orbits in Y have uniformly bounded diameter, 
so Z is just obtained as the quotient of Y by the ii"-action. □ 

Corollary 3. A. 3. Let X be a symmetric space of noncompact type with a regular 
metric. Let M be a proper, homogeneous geodesic metric space quasi-isometric to 
X . Then there exists a closed, connected cocompact subgroup H of Isom(X) and 
an extension W ^ H ^ H and a faithful proper isometric transitive action of H 
on M. If moreover M is contractible then W = 1 and there is a diffeomorphism 
M — > X intertwining the H-action on M with the original H-action on X . 



Proof. The argument is similar to that of Corollary 3. A. 2 here H will be the identity 
component of the isometry group of M. This proves the first statement. 

Fix a point mo G M and let K be its stabilizer in H. Then is a compact 
subgroup. The image of K in H fixes a point xq in X. So the homomorphism 
H — )■ Isom(X) induces a continuous map j : M = H/K — j- X mapping mg to Xq. 
Since H is connected and closed cocompact, its action on X is transitive; it follows 
that j is surjective. 

Under the additional assumption, let us check that j is injective; by homogeneity, 
we have to check that J~^({a;o}) = {^^t-o}- This amounts to check that if (7 G if 
fixes Xq then it fixes mg. Indeed, the stabilizer of Xq in if is a compact subgroup 
containing K:, since M is contractible, K is maximal compact (see |Anll] ) and this 
implies the result. Necessarily W = 1, because it fixes a point on X and being 
normal it fixes all points, so also acts trivially on M; since H acts by definition 
faithfully on M it follows that W = 1. □ 
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3.B. Quasi-actions and proof of Theorem 3.A.1 We use the large-scale lan- 



guage introduced in ^2.A.1 



The following powerful theorem is essentially due to Kleiner and Leeb |KL09] . 
modulo the formulation, a continuity issue, and the fact we have equivariance instead 



of quasi-equivariance. It is stronger than Theorem 3.A.1 because no properness 
assumption is required. 

Theorem 3.B.I. Let X be a symmetric space of noncompact type with a regular 



metric (as defined before Theorem 3.A.1). Let G be a locally compact group with a 



locally bounded isometric action p on a metric space Y quasi-isometric to X . Then 
there exists an isometric action of G on X and a G-equivariant quasi-isometry 
Y ^ X. Moreover, the latter action is necessarily continuous, cocompact, and if p 
is coarsely proper then the action is proper. 

For the continuity issue, we need the following proposition. 

Proposition 3.B.2. Let W be a locally compact group with a continuous, metrically 
proper, isometric action on a metric space X. Assume that the only element of W 
acting on X as an isometry with bounded displacement is the identity. (For instance, 
X is a proper CAT(0)-space with no Euclidean factor and W is the full isometry 
group.) Let G be a locally compact group with an action of G on X given by a 
homomorphism ip\ G ^ W . Assume that the action of G on X is cobounded, proper 
and locally bounded. Then (and hence the action of G on X) is continuous. 

Proof. Let w G be an accumulation point of ^{'^) when 7 — j- 1. Fix compact 
neighborhoods VIg, of 1 in G and W. Fix g & G. There exists a neighborhood 
Vg of 1 in G such that 7 G implies g~^'yg G Qq- Moreover, if we define 

= {7 G G : ifi^y^w G ipig)nwv{g)~^}, 

then 1 belongs to the closure of Gg. Hence Vg H Gg 7^ 0, so if we pick 7 in the 
intersection we get 

^{9)~^ ^{1)^(9) e ^{^g); (p{g)~^(p{-f)~^wip{g) G nw, 
so we deduce, for a\\ g E G 

ip{g)~^Wip{g) G ip{yLG)VLw, 

Since the action is locally bounded, ^{VLg) is bounded. This shows that for a given 
X G X, the distance d{wip{g)x, (p{g)x) is bounded independently of g. Since G acts 
coboundedly, this shows that w has bounded displacement, so w = 1. Since W is 
locally compact, this implies that ip is continuous at 1 and hence is continuous. □ 



We need to deduce Theorem 3.A.1 from Theorem pLOQl Theorem 1.5]. For this 



we need to introduce all the terminology of quasi-actions. We define a quasi-action 
as an arbitrary map G — )• X^ . If x G A, let : G — )■ A be the orbital map g 1— )■ gx. 

If G is a group and A a metric space, a uniformly large-scale lipschitz (ULSL) 
quasi-action of G on A is a map p : G X^ , such that for some (/i, a) G R>o x R, 
every map p{g), for (7 G G is a (/x, a)-Lipschitz map (in the sense defined in ^2.A.1 ) 



and satisfying p(l) ~ id and p{gh) ~ p{g)p{h) for all g,h E G. Note that for a 
ULSL quasi-action, all ix are pairwise ~-equivalent. 

The quasi-action is cobounded if the map has a cobounded image for every 
a; G A. If G is a locally compact group, a quasi-action is locally bounded if 
maps compact subsets to bounded subsets for all x (if G is discrete this is an empty 
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condition). The quasi-action is coarsely proper if for all x E X, inverse images of 
bounded subsets by have compact closure. 

Given quasi- actions p and p' of G on X and X' , a map g : X — )■ X' is quasi- 
equivariant if it satisfies 

sup d(q{p{g)x), p{g)q{x)) < oo. 

g€G,x&X ^ ' 

The ULSL quasi-actions are quasi-isometrically quasi-conjugate if there is a quasi- 
equivariant quasi-isometry X — j- X'; this is an equivalence relation. 

Lemma 3.B.3. Let (X, rf) he a metric space and G a group. Then 

(a) IfY is a metric space with an isometric action of G and with a quasi-isometry 
q : Y ^ X, then there is a ULSL quasi-action of G on X so that q is a quasi- 
isometric quasi- conjugacy. 

(b) Conversely, if p is a ULSL quasi-action of G on X, then there exists a metric 
space Y with an isometric G- action and a quasi- equivariant quasi-isometry Y — > 
X. 

Proof. We begin by the easier (|a]). Let s : X — j- y be a quasi-isometry inverse to 
q and define a quasi-action of G on X by p{g)x = q{g ■ s{x)); it is straightforward 
that this is a ULSL quasi-action and that g is a quasi-isometric quasi-conjugacy. 

For (|b]), first, let F C X be a maximal subset for the property that the p{G)y, for 
y E Y, are pairwise disjoint. Let us show that p{G)Y is cobounded in X. Indeed, 
denoting, by abuse of notation a ~ 6 if |a — 6| is bounded by a constant depending 
only on the ULSL constants of p, if x G X by maximality there exists y E Yq and 
g & G such that p{g)x = p{h)y. Then, denoting by dx the distance in X 

dxix,p{g~^h)y) ^ dx{x, p{g~^)p{h)y) ^ dx{,p{,g)x, p{h)y) = 0, 

so p{G)Y is cobounded. 

Consider the cartesian product G x Y, whose elements we denote hj g oy rather 
than [g, y) for the sake of readability. Define a pseudo metric on G x F by 

d{g oy,hoz) = sup dx{p{kg)y, p{kh)z) 

If G X y is endowed with the G-action k ■ (goy) = (kgoy), then this pseudo-metric 
is obviously G-invariant. Consider the map j '■ {g o y) ^ p{9)y- Let us check that 
i is a quasi-equivariant quasi-isometry (G x F, d) — >■ X. We already know it has a 
cobounded image. We have obviously 

(3.1) d{goy,hoz) > dx{p{g)y, p{h)z) = dxUig oy),jiho z)), 

and conversely, writing a ^ b if a < Gb -\- G where G > is a constant depending 
only of the ULSL constants of p 

d{g oy,hoz) = sup dx (p{kg)y, p{kh)z) 
k&G ^ ' 

^ sup dx (p{k)p{g)y, p{k)p{h)z) 

k&G ^ ' 

^dx{p{g)y,p{h)z) = dx{3{goy),j{hoz)). 

This shows that j is a large-scale bilipschitz embedding. Thus is it a quasi-isometry. 
It is also quasi-equivariant, as 

dx(j{h- {goy)),p{h)j{goy)) = dx[p{hg)y), p{h)p{g)y)) ^0. 
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So we obtain the conclusion, except that we have a pseudo-metric; if we identify 
points in G X y at distance zero, the map j factors through the quotient space, as 



follows from (3.1) and thus we are done. □ 



Proof of Theorem 3.B.1 The statement of |KL09t Theorem 1.5] is the following: 



Let X he a symmetric space of noncompact type with a regular metric. Let G he a 
discrete group with a ULSL quasi-action p on X . Then p is QI quasi- conjugate to 
an isometric action. 



By Lemma |3.B.3[ this can be translated into the following: Let X he as ahove 
and let G he discrete group with an isometric action p on a metric space Y quasi- 
isometric to X. Then there exists an isometric action of G on X and a G-quasi- 
equivariant quasi-isometry q :¥ ^ X . 

To get the theorem, we need a few improvements. First, we want the quasi- 
isometry to be equivariant (instead of quasi-equivariant). Starting from q as above, 
we proceed as follows. Fix a bounded set Yq G Y containing one point in each 
G-orbit. For yQ G Yq, let Gy^ be its stabilizer. Since Gy^{yQ} = {yo} and q is 
quasi-equivariant, we see that Gyg{q{yo)} has its diameter bounded by a constant 
C depending only on q (and not on yo). By the centre lemma, Gy^ fixes a point 
at distance at most G of q{yo), which we define as q'{yo)- For y G Y arbitrary, 
we pick g and yo E Yq {yo is uniquely determined) such that gyo = y and define 
I'iy) = Ql'iyo)- By the stabilizer hypothesis, this does not depend on the choice of 
g, and we see that q' is at bounded distance from q. So q' is a quasi-isometry as 
well, and by construction is G-equivariant. 

Now assume that G is locally compact. Applying the previous result to G endowed 
with the discrete topology, we get all the non-topological conclusions. Now from the 
additional hypothesis that the action is locally bounded, we obtain that the action 



on X is locally bounded. We then invoke Proposition |3.B.2[ using that X has no 
non-trivial bounded displacement isometry, to obtain that the G-action on X is 
continuous. It is clear that the action on X is cobounded, and that if p is metrically 
proper then the action on X is proper. □ 



Proof of Theorem 3.A.I . Fix a left-invariant word metric do on G. Then {G,d) is 



quasi isometric to X and the action of G on (G, d) is locally bounded. So by Theorem 



3.B.1 there exists a continuous isometric proper cocompact action on X. □ 



Theorem 3.A.1 was initially proved in the case of discrete groups, for symmetric 
spaces with no factor of rank one by Kleiner-Leeb jKL97] and in rank one by different 
arguments by: 

• Pansu in the case of quaternionic and octonionic hyperbolic spaces; 

• R. Chow in the case of the complex hyperbolic spaces |Ch96j . ; 

• Tukia for real hyperbolic spaces of dimension at least three |Tu86] ; 

• In the case of the real hyperbolic plane, Tukia jTu88j . completed by, inde- 
pendently Casson-Jungreis [CJ94j and Gabai [Ga92j. 

The synthesis for arbitrary symmetric spaces is due to Kleiner-Leeb |KL09j . where 
they insightfully consider actions of arbitrary groups, not considering any topol- 
ogy but with no properness assumption. This generality is essential because when 
considering a proper cocompact locally bounded action of a non-discrete LC-group, 
when viewing it as an action of the underlying discrete group, we lose the properness. 
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4. QUASI-ISOMETRIC RIGIDITY OF TREES 

4. A. The Ql-rigidity statement. The next theorem version is the locally compact 
version of the result that a finitely generated group is quasi-isometric to a tree if 
and only if it is virtually free, which is a combination of Bass-Serre theory, Stallings' 
theorem and Dunwoody's result that finitely presented groups are accessible |Du85] . 
a notion we discuss below. 

Theorem 4.A.I. Let G be a compactly generated locally compact group. Equiva- 
lences: 

(i) G is quasi-isometric to a tree; 
(a) G is quasi-isometric to a bounded valency tree; 

(Hi) G admits a continuous proper cocompact action on a locally finite tree T , 
or a continuous proper transitive isometric action on the real line; 

(iv) G is topologically isomorphic to the Bass-Serre fundamental group of a finite 
graph of groups, with compact vertex and edge stabilizers with open inclu- 
sions, or has a continuous proper transitive isometric action on the real 
line. 



Proof (first part). Let us mention that the equivalence between ( pli|) a nd (iv) is just 
Bass-Serre theory. Besides, the trivial implications are (pll))^(p])^(|ii[). 

Let us show ([i])^(|ii]); let G be compactly generated and let / : T — G be a 
quasi-isometry from a tree T (viewed as its set of vertices). We can pick a metric 
lattice J inside G and assume that / is valued in J; the metric space J has finite 
balls of cardinality bounded by a constant depending only on their radius. We can 
modify / to ensure that is convex for every j e J. Since / is a quasi- 

isometry the convex subsets f~^{{i}) have uniformly bounded radius. We define a 
tree T" by collapsing each convex subset The collapsing map T' — > T" is 

a 1-Lipschitz quasi-isometry and thus / factors through an injective quasi-isometry 
T" —7- G. It follows that T" has balls of cardinal bounded in terms of the radius; 
this implies in particular that T" has finite (indeed bounded) valency. 

We postpone the proof of (|ii])^(iv), which is the deep part of the theorem. □ 



4.B. Reminder on the space of ends. Recall that the set of ends of a geodesic 
metric space X is the projective limit of vro(X — 5), where B ranges over bounded 
subsets of Xi and ttq denotes the set of connected components. Each tiq{X—B) being 
endowed with the discrete topology, the set of ends is endowed with the projective 
limit topology and thus is called the space of ends E{X). 

If X, Y are geodesic metric spaces, any large-scale Lipschitz, coarsely proper map 
X — > y canonically defines a continuous map E{X) — E{Y). Two maps at bounded 
distance induce the same map. This construction is functorial. In particular, it maps 
quasi-isometries to homeomorphisms. 

If G is a locally compact group generated by a compact subset S", the set of ends 
|Sp50[ IHo74j of G is by definition the set of ends of the 1-skeleton of its Cayley 
graph with respect to S. It is compact. Since the identity map (G, Si) to (G, S2) 
is a quasi-isometry, the space of ends is canonically independent of the choice of S 
and is functorial with respect to continuous proper group homomorphisms. 

In the case when G is hyperbolic, it is not hard to prove that the space of ends 
is canonically homeomorphic to the space 7ro(9G) of connected components of the 
visual boundary. 
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We note for reference the following elementary lemma, due to Houghton. It is a 
particular case of |Ho74t Th. 4.2 and 4.3]. 

Lemma 4.B.I. Let G be a CGLC-group with Gq noncompact. Then G is (1 or 2)- 
ended; if moreover G/Gq is not compact then G is 1-ended. 

Let us also mention, even if it will be not be used here, the following theorem of 
Abels |Ab77] : if a compactly generated LC-group has at least 3 ends, the action of G 
on E{G) is minimal (i.e., all orbits are dense) unless G is focal of totally disconnected 
type (in the sense of ^2.E.2 ). 



4.C. Metric accessibility. 

Definition 4.C.1 (Thomassen, Woess |TW93] ) . Let X be a bounded valency con- 
nected graph. Say that X is accessible if there exists m such that for every two 
distinct ends of X, there exists a m-element subset of the 1-skeleton X that sep- 
arates the two ends, i.e. so that the two ends lie in different components of the 
complement. 

Accessibility is a quasi-isometry invariant of connected graphs of bounded valency. 



Although not needed in view of Theorem 4.A.1 we introduce the following definition, 
which is more metric in nature. 

Definition 4.C.2. Let X be a geodesic metric space. Let us say that X is diameter- 
accessible if there exists m such that for every two distinct ends of X, there exists a 
subset of X of diameter at most m that separates the two ends. 

This is obviously a quasi-isometric invariant property among geodesic metric 
spaces. Obviously for a bounded valency connected graph, diameter-accessibility 
implies accessibility. The reader can construct, as an exercise, a connected planar 
graph of valency < 3 that is accessible (with m = 2) but not-diameter accessible. 

Theorem 4.C.3 (Dunwoody). Let X be a connected, locally finite simplicial 2- 
complex with a cocompact isometry group. Assume that if^(X, Z/2Z) = (e.g., X 
is simply connected) . Then X is diameter-accessible. 

On the proof. This statement is not explicit, but is the contents of the proof of 
|Du85j (it is quoted in |MSW03l Theorem 15] is a closer way). This proof consists 
in finding, denoting by G = Isom(X), an equivariant family (Ci)jg/, indexed by a 
discrete G-set / with finitely many G-orbits, of pairwise disjoint compact subsets of 
X homeomorphic to graphs and each separating X (each X \ C*j is not connected) , 
called tracks, so that each component of X \ IJ C*j has the property that its stabilizer 
in G acts coboundedly on it, and is (at most l)-ended. Thus any two ends of X are 
separated by one of these components, which have uniformly bounded diameter. □ 

4.D. The locally compact version of the splitting theorem. The following 
theorem is the locally compact version of Stallings' theorem; it was proved by Abels. 

Theorem 4.D.1 (Stallings, Abels). Let G be a compactly generated, locally compact 
group. Then G has at least two ends if and only if splits as a non-trivial HNN- 
extension or amalgam over a compact open subgroup, unless G is 2- ended and is 
compact-by-H or compact- by-lsom(R) . 

This yields the following corollary, which we state for reference in the sequel. 
The characterization (iv) of 2-ended groups is contained in Houghton |Ho74t The- 
orem 3.7]; the stronger characterization Q is due to Abels |Ab74t Satz B]; the 
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stronger versions (vi) or (vii) can be deduced directly without difficulty; they are 
written in |CCMtI 



Proposition 5.6]. 



Corollary 4.D.2. 

lences: 



Let G be a compactly generated, locally compact group. Equiva- 



(i) G has exactly 2 ends; 

(ii) G is hyperbolic and jj^dG = 2; 
(Hi) G is quasi-isometric to Z; 

(iv) G has a discrete cocompact infinite cyclic subgroup; 

(v) G has an open subgroup of index < 2 with a continuous with compact kernel 
onto Z or R; 

(vi) G admits a continuous proper cocompact isometric action on the real line; 

(vii) G has a (necessarily unique) compact open normal subgroup W such that 
G/W is isomorphic to one of the 4 following groups: Z, Isom(Z), R, 
Isom(R). 



Proof. The implications (vii|) 
il). Then, by Theorem 4.D.1 



(vi) ^([v| )^(iv)^(iii)^(pl|)^(p]) are clear. Assume 



either (vii) holds explicitly or G splits as a non-trivial 



HNN-extension or amalgam over a compact open subgroup; the only cases for which 
this does not yield more than 2 ends is the case of a degenerate HNN extension (given 
by an automorphism of the full vertex group) or an amalgam over a subgroup of 
index 2 in both factors. Thus G maps with compact kernel onto Z or the infinite 
dihedral group Isom(Z). □ 



Proof of Theorem 4-D-i\ The case when G is a closed cocompact isometry group 
of a vertex-transitive graph is |Ab74[ Struktursatz 5.7]. He deduces the theorem 
|Ab74l Korollar 5.8] when G has at least 3 ends in |Ab74l Struktursatz 5.7], the 
argument also covering the case when G has an open compact subgroup (i.e. Go is 
compact) in the case of at least 2 ends. 



Assume now that Go is noncompact. By Lemma 4.B.1, if G/Gq is noncompact 
then G is 1-ended, so assume that G/Go is compact. Then G has a maximal compact 
subgroup K so that G/K admits a G-invariant structure of Riemannian manifold 
diffeomorphic to a Euclidean space ( |Mo55l Theorem 3.2] and |MZ55l Theorem 4.6]); 
the only case where this manifold has at least two ends is when it is one- dimensional, 
hence isometric to R, whence the conclusion. □ 

4.E. Accessibility of locally compact groups. It is natural to wonder whether 



the process of applying iteratively Theorem 4.D.1 stops. This motivates the following 
definition. 

Definition 4.E.I. A CGLC-group G is accessible if it has a continuous proper 
transitive isometric action on the real line, or satisfies one of the following two 
equivalent conditions 

(i) either G admits a continuous cocompact action on a locally finite tree T 
with (at most l)-ended vertex stabilizers and compact edge stabihzers; 

(ii) G is topologically isomorphic to the Bass-Serre fundamental group of a finite 
graph of groups, with compact edge stabilizers with open inclusions and (at 
most l)-ended vertex groups. 

The equivalence between the two definitions is Bass-Serre theory. For either def- 
inition, trivial examples of accessible CGLC groups are (at most l)-ended groups. 
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Also, by Theorem|4.D.l[ 2-ended CGLC groups are accessible, partly using the arte- 



fact of the definition. A non-accessible finitely generated group was constructed by 
Dunwoody in |Du93] . disproving a long-standing conjecture of Wall. 

4.F. Metric accessibility vs group accessibility. The metric notion of accessi- 
bility, which unlike in this paper was introduced after group accessibility, allowed 
Thomassen and Woess, using the Dicks-Dunwoody machinery |DD89] . to have a 
purely geometric characterization of group accessibility (as defined in Theorem 



4.A.1 ). The following theorem is the natural extension of their method to the locally 



compact setting, due to Kron and Moller |KM08t Theorem 15]. 

Theorem 4.F.I. Let X be a bounded valency connected graph and G a locally com- 
pact group acting continuously, properly cocompactly on X by graph automorphisms. 
Then the following are equivalent 



(i) G is accessible (as defined in Definition 4-E.l) 
(a) X is accessible 
(Hi) X is diameter-accessible. 



when 




On the proof. The statement in |KM08j is the equivalence between (P and 
G is totally disconnected. But actually the easy implication (|i])^([ji]) yield: 
without change in the proof, as they check that X is quasi-isometric to a bounded 
valency graph with a cocompact action, with a G-equivariant family of "cuts", which 
are finite sets, with finitely many G-orbits of cuts, so that any two distinct ends are 
separated by one cut. Finally (iii)^(|ii]) is trivial for an arbitrary bounded valency 
graph. □ 

4.G. Proof of Theorem g^Alll 



End of the proof. It remains to show the main implication of Theorem |4.A.l[ namely 
that ^ implies (iv). Let G be a CGLC-group quasi-isometric to a tree T. We 
begin by the claim that G has no 1-ended closed subgroup. Indeed, if H were such 
a group, then being non-compact H admits a bi-infinite geodesic, and using the 
quasi-isometry to T we see that this geodesic has 2 distinct ends in G. Then these 
two ends are distinct in H, a contradiction. 

Let us now prove (iv). We first begin by three easy cases 



G is compact. There is nothing to prove. 
G is 1-ended. This has just been ruled out. 



• G is 2-ended. In this case Corollary 4.D.2 gives the result. 
So assume that G has at least 3 ends. By Lemma |4.B.1[ Gq is compact, so by 



Proposition 2.D.H it admits a continuous proper cocompact isometric action on a 
connected finite valency graph X. Since X is quasi-isometric to a tree, it is diameter- 
accessible. By Theorem 4.F.1, we deduce that G is accessible. This means that it is 
isomorphic to the Bass-Serre fundamental group of a graph of groups with (at most 
l)-ended vertex groups and compact open edge groups. As we have just shown that 
G has no closed 1-ended subgroup, it follows that vertex groups are compact. So 
holds. □ 



4.H. Cobounded actions. There is a statement implying Theorem 4.A.1 



essen- 



tially due to Mosher, Sageev and Whyte, that concerns cobounded actions with no 
properness assumption. In a tree, say that a vertex is an essential branching vertex 
if its complement in the 1-skeleton has at least 3 unbounded components. Say that a 
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tree is bushy if the set of essential branching vertices is cobounded. We here identify 
any tree to its 1-skeleton. 

Theorem 4.H.I. Let G be a locally compact group. Consider a locally bounded, 
isometric, cobounded action of G on a metric space Y quasi-isometric to a bushy 
tree T of bounded valency. Then there exists a tree T' of bounded valency with a 
continuous isometric action of G and an equivariant quasi-isometry T ^ T' . 

Remark 4.H.2. It is not hard to check that a bounded valency non-bushy tree 
T quasi-isometric to a metric space with a cobounded isometry group, is either 
bounded or contains a cobounded bi-infinite geodesic. 



Remark 4.H.3. Theorem 4.H.1 is not true when T is a linear tree (the Cayley graph 
of (Z,{±1})). Indeed, taking G to be R acting on R (which is quasi-isometric to 
T), there is no isometric cobounded action on any tree quasi-isometric to Z. Indeed 
this action would preserve a unique axis, while there is no nontrivial homomorphism 
from R to Isom(Z). In this case, we can repair the issue by allowing actions on R- 
trees. But here is a second more dramatic counterexample: the universal covering 
G = SL2(R) (endowed with either the discrete or Lie topology) admits a locally 
bounded isometric action on the Cayley graph of (R, [—1,1]) (see |CCMT[ Example 
3.12], but admits no isometric cobounded action on any R-tree quasi-isometric to 
Z, because by the same argument, this action would preserve an axis, while there is 
no nontrivial homomorphism SL2(R) — Isom(R). 



On the proof of Theorem 4-H.l The statement of |MSW03l Theorem 1] is in terms 



of quasi-actions, see the conventions in ^3.B It reads: Let G be a discrete group. 



Suppose that G has a ULSL quasi-action on a bushy tree T of bounded valency. 
Then there exists a tree T' of bounded valency with a continuous isometric action of 
G and a quasi- equivariant quasi-isometry T ^ T' . 



By Lemma 3.B.3, it can be translated as: (*) Let G be a discrete group. Consider 
a locally bounded, isometric, cobounded action of G on a metric space Y quasi- 
isometric to a bushy tree T of bounded valency. Then there exists a tree T' of bounded 
valency with an isometric action of G and a quasi- equivariant quasi-isometry T — 

r. 



To get the statement of Theorem 4.H.1, apply (*) to the underlying discrete 



group; the action on T' we obtain is then locally bounded. Since T' has at least 3 
ends, the only isometry with bounded displacement is the identity, so we deduce by 



Proposition 3.B.2 that the action on T' is continuous. 



Let us now sketch the proof of (*) (which is the discrete case of Theorem 4.H.1 ), as 
the authors of |MSW03j did not seem to be aware of the Thomassen-Woess approach 
and repeat a large part of the argument. 

Start from the hypotheses of (*). A trivial observation is that we can suppose Y 
to be a connected graph. Namely, using that T is geodesic, there exists r such that 
if we endow Y with a graph structure by joining points at distance < r by an edge, 
then the graph is connected and the graph metric and the original metric on Y are 
quasi-isometric through the identity. The difficulty is that Y need not be of finite 
valency and in general. 

The construction of an isometric action of G on a connected finite valency graph Z 
quasi-isometrically quasi-conjugate to the original quasi-action is done in |MSW03( 
§3.4] (this is the part where it is used that the tree is bushy). It is given by a 



homomorphism G — > Isom(X). By Theorem 4.A.1, Isom(X) has a continuous 
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proper cocompact action on a tree T'. Note that the actions of Isom(X) on both 
X and T' are quasi-isometrically conjugate to the left action of Isom(X) on itself, 
so there exists a quasi-isometry X ^ T' which is quasi-equivariant with respect to 
the Isom(X)-action, and therefore is quasi-equivariant with respect to the G-action. 
Finally, to get equivariance instead of quasi-equivariance, we use the same argument 



(based on the center lemma, which holds in T') as in the proof of Theorem 3.B.1 □ 



4.1. QI groups not acting on the same space. Let us mention a consequence 



of Theorem 4.A.1, already observed in |MSW03[ Corollary 10]. Let Cn be a cyclic 



group of order n. 

Corollary 4.1.1. Let {pi,qi) and {p2,(l2) be pairs of primes > 3. // {pi,qi} 7^ 
{P2,(l2}, then the groups Cp^ * Cq^ and Cp^ * Cq^ are not isomorphic to cocompact 
lattices in the same locally compact group, and thus do not act properly cocompactly 
on the same proper metric space. 

Lemma 4.1.2. Let T he a tree with a cocompact action of its isometry group. Then 
it admits a unique minimal cobounded subtree T' (we agree that ^ G T is cobounded 
ifT is bounded). Moreover, T = T' if and only ifT has no vertex of degree 1. 

Proof. First observe that any axis is contained in every cobounded subtree: indeed, 
any point of an axis cuts the tree into two unbounded components. Now let T' be 
the union of all axes in T; a straightforward arguments shows that T' is a subtree. 
Let us show that T' is cobounded. If T is bounded then T' = and is cobounded by 
convention. So let us assume that T is unbounded; then it is enough to show that 
T' 7^ 0, because then the distance to T' is invariant by the isometry group, so takes 
a finite number of values by cocompactness. To show that T' 7^ 0, it is enough to 
show that Isom(T) has a hyperbolic element: otherwise the action of Isom(T) would 
be horocyclic and thus would preserve the horocycles with respect to some point at 
infinity, which would prevent cocompactness of the action of Isom(T). 

The last statement is clear. □ 

If p, g > 2 are numbers and m > 1, define a tree Tp^q^m as follows: start from the 
(j), g)-regular tree and replace each edge by a segment made out of m consecutive 
edges. Note that if p,q > 3, the unordered pair {p, q} is uniquely determined by the 
isomorphy type of Tp^q,m- 

Lemma 4.1.3. Let p, q be primes and let Cp * Cq act minimally properly on a 
nonempty tree T with no inversion. Then T is isomorphic to Tp^q ^ for some m > 1. 

Proof. This gives Cn*Cm as Bass-Serre fundamental group of a finite graph of groups 
(r^,, Te)y^e- This finite graph X is a finite tree, because Hom(C„ * Cm, Z) = 0. Let 
f be a degree 1 vertex of this finite tree, and let e be the oriented edge towards 
V. Then the embedding of into Fe is not an isomorphism, because otherwise the 
action on the tree would not be minimal [v corresponding to a degree one vertex in 
the Bass-Serre universal covering). 

Since vertex stabilizers are at most finite of prime order, this shows that such 
edges are labeled by the trivial group. This gives a free decomposition of the group 
in as many factors as degree 1 vertices in X. So X has at most 2 degree 1 vertices and 
thus is a segment, and then shows that other vertices are labeled by the trivial group. 
If the number of vertices is m -|- 1, this shows that T is isomorphic to Tp^q^^n- D 
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Proof of Corollary \4 -LI] Note these groups have no nontrivial normal subgroup, so 



the second statement is a consequence of the first by considering the isometry group 
of the space. 

Suppose they are cocompact lattices in a single locally compact group G. Then 



G is compactly generated and quasi-isometric to a tree, so by Theorem 4.A.1 acts 
properly cocompactly, with no inversion and minimally on a finite valency tree T. 

is minimal for i = 1,2. By Lemma 4.1.3 
= 1,2, which implies {pi,qi} = {P2,q2} 



By Lemma 4.1.2 



the action of C„- * Cn. 

for i = 



the tree is isomorphic to Tp- ^ 
contradiction. 



a 

□ 



4. J. Accessibility of compactly presented groups. Recall that a CGLC-group 
is compactly presented if has a presentation with a compact generating set and 
relators of bounded length. If it has a compact open subgroup, it is equivalent to 
require that G has a continuous proper cocompact combinatorial action on a locally 



finite simply connected simplicial 2-complex (see Proposition 4. J. 3). 

Let us also use the following weaker variant: G is of type FP2 mod 2 if G is quo- 
tient of a compactly presented LC-group by a discrete normal subgroup such that 
Hom(A^, Z/2Z) = 0. If G has a compact open subgroup, it is equivalent (see Propo- 



sition 4. J. 4) to require that G has a continuous proper cocompact combinatorial 
action on a locally finite 2-complex X such that H^{X, Z/2Z) = 0. 

By Lemma [4.B.1 , if Go is not compact then G is (at most two)-ended and thus 
is accessible by Corollary 4.D.2 Otherwise if Go is compact (i.e., G has a compact 



open subgroup), the restatement of the definition shows that as a consequence of 
Theorems |4.C.3 and 4.F.1 , we have the following theorem, whose discrete version 



was the main theorem in |Du85j . 



Theorem 4.J.I. If G is a compactly generated locally compact group of type FP2 
mod 2 (e.g., G is compactly presented) then G is accessible. □ 



Corollary 4. J. 2. Every hyperbolic locally compact group is accessible. 



□ 



Proposition 4. J. 3. Let G be a locally compact group with Gq compact. Equiva- 
lences: 

(i) G has a presentation with a compact generating set and relators of bounded 
length; 

(a) G has a presentation with a compact generating set and relators of length 
<3; 

(Hi) G has a continuous proper cobounded combinatorial action on a simply con- 
nected simplicial 2-complex X. 

(iv) G has a continuous proper cocompact combinatorial action on a locally finite 
simply connected simplicial 2-complex X . 

(v) G has a continuous proper cocompact combinatorial action on a locally finite 
simply connected simplicial 2-complex X with no inversion (i.e. for each 
g E G, the set of G- fixed points is a subcomplex) and with a main vertex 
orbit, in the sense that every g E G fixing a vertex, fixes a vertex in the 
main orbit, and if an element is the identity on the main orbit then it is the 
identity. 



Sketch of proof . Trivially Q ^ ( iv ) ^ ([iii]) and ([ii])^([i]). 

(iii)^([ii]). Let A be a connected bounded closed subset of X such that the G- 
translates of A cover X. Then ii S = {g E G \ gA fl A 7^ 0}, then S is compact by 
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properness, and by |Ko65t Lemma p. 26], G is generated by S and relators of length 
< 3. So ([il] ) holds. 

(pl ^ (|iv[) ■ Let S" be a compact symmetric generating subset with relators of 
bounded length; enlarging S if necessary, we can suppose that S contains a com- 
pact open subgroup K and that S = KSK. The Cayley-Abels graph (Proposition 



2.D.1) is a graph with vertex set G/K and an un-oriented edge from gK to g'K if 
g^^g' E S \ K. This is a G-invariant locally finite connected graph structure on 
G/K. Define a simplicial 2-complex structure by adding a triangle every time its 
2-skeleton appears. 

Define a simplicial 2-complex structure on the Cayley graph of G with respect to 
S in the same way. Then the projection G ^ G/K has a unique extension between 
the 2-skeleta, affine in each simplex (possibly collapsing a simplex onto a simplex of 
smaller dimension). The Cayley 2-complex of G is simply connected, because the 
relators of length < 3 define the group. 

It remains to check that the simplicial 2-complex on G/K is simply connected. 
Indeed, given a loop based at 1, we can homotope it to a combinatorial loop on the 
1-skeleton. We can lift such a loop to a combinatorial path (1 = go,gi, . . . ,gk) on 
G and ending at the inverse image of 1, namely K. If k = there is nothing to do, 
otherwise observe that g^^i G KS C 5*. So we can replace gk by 1, thus the new 
lifted path is a loop. This loop has a combinatorial homotopy to the trivial loop, 
which can be pushed forward to a combinatorial homotopy of the loop on G/K. So 



the simplicial 2-complex on G/K is simply connected. Thus (iv) holds. 

Let us now indicate how this construction can be adapted to yield (|i])^(|v])- We 
start with the same construction, but using oriented edges (without self-loops), 
and then we add, each time we have 3 oriented edges (ei, 62, 63) forming a triangle 
with 3 distinct vertices (with compatible orientations, i.e. the target of ei is the 
source of 62, etc.), we add a triangle. Because of the double edges, this is not yet 
simply connected; so for any two adjacent vertices x,y we glue two bigons indexed 
by (x, y) and [y, x) (note that the union of these 2 bigons is homeomorphic to a 
2-sphere). The resulting complex is simply connected. Then the action of G has 
the required property. The problem is that because of bigons, we do not have a 
simplicial complex. To solve this, we just add vertices at the middle of all edges 
and all bigons, split the bigons into 4 triangles by joining the center to all 4 vertices 
(thus pairs of opposite bigons now form the 2-skeleton of a octahedron), and split 
the original triangles into 4 triangles by joining the middle of the edges. We obtain 
a simplicial 2-complex; the cost is that we have several vertex orbits, but then G/K 
is the "main orbit" in the sense of the proposition. □ 

Proposition 4. J. 4. Let G be a locally compact group with Go compact. Let A be a 
discrete abelian group. Equivalences: 

(i) G is isomorphic to a quotient G/N with G compactly presented and Hom(A^, A) 
0; 

(ii) G has a continuous proper cocompact combinatorial action on a locally finite 
simplicial 2-complex X with H^{X, A) = 0. 



Proof. Suppose We can suppose Gq = {!}. 

Consider an action a of G as in Q. Set W = N f] Ker(Q;). Then the action of 
N/W on X is free: indeed, if an element of fixes a point, then it fixes a vertex 
in the main orbit and hence fixes all vertices in the main orbit, hence acts as the 
identity. 



24 



YVES CORNULIER 



So G = G/N acts continuously properly cocompactly on N\X, which is a simpli- 
cial 2-complex as N/W acts freely on X. Now we have, fixing an implicit base-point 
in X 

(4.1) (X, A) ~ Hom(7ri (A^\X) , A) 

Since 7ri{N\X) ~ N/W, we deduce that H\X, A) = 0. 

Conversely suppose denote by a the action of G on X. Fixing a base- vertex 
in X, let X be the universal covering. Let H be the group of automorphisms of X 
that induce an element of a{G). It is a closed subgroup and is cocompact on X; its 
projection p to a{G) is surjective. Let 

G = {{g, h)eGxH\ a{g) = p{h)} cGxH 

be the fibre product of G and H over a{G). Then it contains x {1} as a compact 
normal subgroup, and the quotient is canonically isomorphic to H. The kernel of 
the projection G — )■ G is equal to {1} x Ker(p), which is discrete and consists of deck 
transformations of the covering X — > X and is in particular isomorphic to ni{X). 



Again using (4.1), we obtain that Hom(X, A) = {0}. □ 



Remark 4.3.5. In case A is the trivial group. Proposition |4.J.4| just characterizes 
CGLC-groups among LC-groups with compact identity component. At the opposite, 
keeping in mind that any nontrivial abelian group B satisfies Hom(i?,Q/Z) ^ 0, 



the case A = Q/Z of Proposition 4. J. 4 characterizes locally compact groups with 
compact identity component that are of type FP2; for A = Z/2Z it characterizes 
CGLC-groups with compact identity component that are of type FP2 mod 2. 

5. Towards a quasi-isometric classification of amenable hyperbolic 

GROUPS 

We here address the problem of Ql-classification and rigidity of amenable hyper- 
bolic LC-groups. One part is the internal classification: determine Ql-classes among 
amenable hyperbolic LC-groups, it is addressed in §5. A The external part, addressed 



in ^5.B, can be asked in two (essentially) equivalent but intuitively different ways: 

• Which amenable hyperbolic LC-groups are QI to a hyperbolic LC-group of 
general type? 

• Which hyperbolic LC-group of general type are QI to an amenable hyper- 
bolic LC-group? 

Although the internal and external classification are distinct problems, there are 
methods that provide results in both questions, which consist in describing the self- 
quasi-isometries of homogeneous negatively curved Riemannian manifolds. 

5. A. Quasi-isometric classification of millefeuille spaces. 

5.A.I. The internal classification: the general setting. 

Question 5.A.I. Let X,X' be simply connected homogeneous negatively curved 
Riemannian manifolds of dimension > 1 and k,k' > 1. When are X[k] and X'[/c'] 
quasi-isometric? 

Any quasi-isometry X[k] — t- extends to a quasi-symmetric homeomorphism 

c)X[/c] — )■ dX'[k'] between the boundaries. In particular, a first rough classification is 



given by the topological description of the boundary, which is done in ^2.C Namely, 



Corollary 2.C.6 yields 
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Proposition 5. A. 2. The number d = dim(X) > 1 and whether k = 1 or k > 2 are 

quasi-isometry invariants of X[k]. □ 

For d = 1, the space X[k] is a (A; + l)-regular tree; in particular for k > 2 tliey 
are all quasi-isometric, so the quasi-isometry classification is settled for d = 1. 

Corollary 5. A. 3. Among focal hyperbolic LC-groups, the three classes of focal 
groups of connected, totally disconnected and mixed type are closed under quasi- 
isometry. 

Proof. They correspond to k = 1, d = 1, and mm{k,d) > 2. We also directly see 
the corollary observing they correspond to the discussion whether the boundary is 
a sphere, a Cantor set or none. □ 

5. A. 2. The pure millefeuille case. Here we mainly focus on the case k > 2, although 
some of the results below allow k = 1. 

Caution! The quasi-isometry type of X[k], for k > 2 fixed, is not determined by 
the quasi-isometry type of X. For instance, if X is the hyperbolic plane with 
a constant metric of curvature k, then the spaces H^[fc], for k fixed and k ranging 



over negative real numbers, are pairwise not quasi-isometric, by Corollary 5A.6 b) 



However, it is determined by the isometry type of X (not referring to any choice of 



distinguished boundary point), by Lemma 2.C.3 

The fact that dim(X) is determined by the QI class of X[k] can be improved, 
using the quasi-symmetric structure on the boundary. 



Theorem 5. A. 4. Under the hypotheses of Question 5.A.1, if X[k] and X'[k'] are 
quasi-isometric then X and X' are quasi-isometric. 

Proof. Assume that X[k] and X[k'] are quasi-isometric. The quasi-isometry induces 
a quasi-symmetric homeomorphism h : (9X[A;] — > dX'[k']. Since we assume dim(X), 



dim(X) > 2, these boundaries are connected (as a consequence of Corollary 2.C.7). 



They are spheres if and only if /c = fc' = 1, in which case the theorem is a tautology. 



So assume k,k' > 2. Then by Proposition 2.C.5 , h maps the distinguished point 
u to the distinguished point uj'. Hence h restricts to a quasi-symmetric homeo- 
morphism 9X[A;] \ {uj} dX'[k'] \ {uj'}, which sends components to components. 
Each component of X[k] (resp. X'[/c']) is quasi-symmetrically homeomorphic to dX 
(resp. dX'). Accordingly, dX and dX' are quasi-symmetrically homeomorphic. Us- 
ing |BS07[ Corollary 7.2.3], we deduce that X and X' are quasi-isometric (by a 
quasi-isometry inducing the previous quasi-symmetric homeomorphism, which in 
particular is distinguished-point-preserving). □ 



Note that Theorem 5. A. 4 is a tautology (and thus provides no information) when 
k = k' = 1. 

We can obtain further results using computations of L^-cohomology carried out in 
|CTlli| (inspired by Pansu's computations for Lie groups). For every real p > 1 and 
any bounded geometry metric space Y , we can define a space Hp{Y) whose vanishing 
only depends on the Ql-class of G (by a result of Pansu, see |CTlll Appendix B]). 
Thus, the set of real numbers p > 1 such that H^{Y) 7^ is a Ql-invariant of Y . 

We assume d > 2. We can write X = X x R, where the element a = 1 of R 
shifts the Busemann function by one. Let ^a? > 1 be the Haar multiplication of 
on X, so that on the fibre product the Haar multiplication of is 5 = d^k. Let 
A be the smallest modulus of an eigenvalue of on X. (We have A < 5ni with 
equality if and only if dim(X) = 2.) 
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Proposition 5. A. 5 ( |CT11] ). Assume d = dim(X) > 2 and k >1. For all p > 1, 

we have 

mX[k]) ^0 ^ p> poiX[k]), where po{X[k]) = +^^^(^^^ . 

Proof. This is a particular case of |CTllt Theorem 7], which itself builds on Pansu's 
estimates for Lie groups |Pa07] . (There is a misprint in the statement of Theorem 7 in the 
pubhshed version of |CT11] . where N should be read as i/.) D 

Corollary 5. A. 6. Under the same assumptions, we have 

(a) when X is fixed, the X[k], for k > 1, are pairwise not quasi-isometric. 

(b) when k > 2 is fixed, the Xi^[k], for k, > 0, where is obtained from X by 
multiplying the Riemannian metric by k,^^, are pairwise non quasi-isometric. 

Proof. For Q, observe that po{X[k]) = (log(/c) + log(5Ar))/log(A) varies injectively 
with k. For (|b]) argue as follows: if the Riemannian metric is multiplied by k,~^ 
(which multiplies the curvature by k), the Riemannian distance is multiplied by 
and the Busemann function (normalized to vanish at a given base-point) is 
also multiplied by k^^/^; we need to modify the action of R on to obtain that 
the element 1 G R shifts the Busemann function by 1, namely by precomposing the 
action by the homothety 1 1— > n^^'^t. This replaces {6n, A) by (^^v^, A^) and thus 

r,iN log(fc)/v/^+log((5jv) 

Mx.m = , 

which varies injectively with k provided A; > 2 is fixed. □ 

Also, making X vary so that log(57v)/log(A) varies, we can obtain a continuum 
of pairwise non-quasi-isometric X[k] with fixed d > 3, k > 1. 



Let us end by a question, which is a particular case of Question |5A.1[ but seems 
to be the main case to understand beyond the case of manifolds. 

Question 5. A. 7. Let X be a a homogeneous negatively curved Riemannian man- 
ifolds of dimension > 2. Let ki,k2 > 2 be integers and Ki,K2 be positive real 
numbers. When are [ki] and X^^ [^2] quasi-isometric? 



By Proposition 5.A.5| and the computation of po in the proof of Corollary 5. A. 6 



a necessary condition is that log(A;i)/y^ = log(A;2)/v^, or equivalently k^^ = k 

— 1/2 

where pi = . It is not hard to check that this condition is sufficient when ki 
and ^2 have a common integral power, i.e. when pi/p2 is rational. On the other 
hand, I do not know, assuming that log(2)/yKl = log(3)/^, whether H2J2] and 
H^2[3] are quasi- isometric. 

5. A. 3. Negatively curved manifolds. Let us now specify to the case of negatively 
curved manifolds (A; = 1). A general picture for the Ql-classification, originally 
conjectured by Hamenstadt |Ha87j . is given by: 

Conjecture 5. A. 8. Let H be a purely real Heintze group. Then if a purely real 
Heintze group L is quasi-isometric to H , it is isomorphic to H . 

In other words, the conjecture states that two purely real Heintze groups are quasi- 
isometric if and only if they are isomorphic. The formulation of the conjecture is 
convenient because it makes sense to assert that it holds for a given H. 



Let us first mention the following evidence for Conjecture |5.A.8 
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Theorem 5. A. 9 (Gordon- Wilson). Two purely real Heintze groups admit continu- 
ous proper cocompact actions on the same simply connected negatively curved Rie- 
mannian manifold if and only if they are isomorphic. 

Proof. Let Hi,H2 be the purely real Heintze group and X the Riemannian man- 
ifold. Then Hi and H2 stand as closed subgroups in the isometry group of the 
homogeneous Riemannian manifold Isom(X). Gordon and Wilson define a notion 
of "subgroup in standard position" in Isom(X). In |GW88[ Theorem 4.3], they show 
that any real triangulable subgroup is in standard position, and thus Hi and H2 are 
in standard position. In [GWSSt Theorem 1.11], they show that in Isom(X), all sub- 
groups in standard position are conjugate (and are actually equal, in case Isom(X) 
is amenable, see |GW88t Corollary 1.12]). Thus Hi and H2 are isomorphic. □ 



Here are some partial results towards Conjecture |5.A.8 



Conjecture 5. A. 8 holds for H when H is abelian, by results of Xie |Xi09bj . 
Conjecture 5. A. 8 holds for H when the purely real Heintze group H is 
cocompact in the group of isometries of a rank 1 symmetric space of non- 
compact type. Indeed, if a purely real Heintze group M is quasi-isometric 



to H, then by Theorem 3.A.1 , L is then isometric, for a suitable invariant 



Riemannian metric, to the symmetric space, and we can use Theorem 5. A. 9 



• If purely real Heintze groups Hi,H2 of Carnot type (see ^2.F) are quasi- 
isometric, then Pansu's Theorem |Pa89mt Theorem 2] implies that Hi and 
H2 are isomorphic. 

5.B. Quasi-isometric amenable and non-amenable hyperbolic LC-groups. 

We have to essentially equivalent questions: which hyperbolic LC-groups of general 
type are quasi-isometric to an amenable LC group, or which focal hyperbolic LC- 
groups are quasi-isometric to a hyperbolic LC-group of general type. These questions 
are equivalent but they can be formulated in different ways. 
The following conjecture answers this question. 

Conjecture 5.B.I. Let G be a hyperbolic LC-group. Then G is quasi-isometric 
to both an amenable and a non-amenable CGLC-group if and only if G admits a 
continuous proper cocompact isometric action on a space X, which is either a rank 
1 symmetric space of non-compact type, or a regular tree of valency at least 3. 

One part of the conjecture is established: if G admits such an action, it is both 
quasi-isometric to Isom(A), which is non-amenable and to the stabilizer Isom(A)t^ 
of a boundary point, which is amenable. 



Remark 5.B.2. Conjecture 5.B.l|is a coarse counterpart to |CCMTt Theorem D], 
which is transcribed here as Case (|dj) of Theorem |1.1[ 

We begin by an easy observation. Let us call pure millefeuille space a millefeuille 
space X[k] such that min(dim(X), k) > 2, i.e. that is neither a manifold nor a tree. 

Proposition 5.B.3. A pure millefeuille space is not quasi-isometric to any hy- 
perbolic LC-group of general type. In particular, it is not quasi-isometric to any 
vertex-transitive connected graph of finite valency. 



Proof. By Corollary |2.C.7[ every homeomorphism of the boundary fixes the distin- 
guished point CO, so this also true for any hyperbolic LC-group G quasi-isometric to 
a pure millefeuille space. Therefore G cannot be of general type. 
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For the second statement, observe that the isometry group of a such a vertex- 
transitive graph would be focal of totally disconnected type or of general type (by 



Lemma 2.A.1), but we have just excluded the general type case and the focal case 
is excluded by Corollary 5.A.3 □ 

Remark 5.B.4. A restatement of Proposition 5.B.3 is that the class of focal hy- 



see ^2.E.3) is closed under quasi-isometries among 



perbolic groups of mixed type 
CGLC-groups. 

Let us now state a more specific conjecture, which, taking into account some 
known results, is equivalent to Conjecture |5.B.l 

Conjecture 5.B.5. Let H = N xi H be a purely real Heintze group of dimension 
> 2, i.e., a simply connected Lie group with R contracting the non-trivial simply 
connected nilpotent group N with only real eigenvalues. Then either H is isomorphic 
to a minimal parabolic subgroup in a simple Lie group of rank one, or H is not quasi- 
isometric to any vertex-transitive finite valency graph. 

The special role played by those purely real Heintze that are "accidentally" iso- 
morphic to minimal parabolic subgroups in rank one groups make the conjecture 
delicate. 

Lemma 5.B.6. Assume that H is a purely real Heintze group of dimension > 2 and 
is not isomorphic to minimal parabolic in a simple Lie group of rank 1. Then any 
CGLC group G quasi-isometric to H is either focal hyperbolic of connected type (as 
defined in ' ^2.E. or is compact-by- (totally disconnected) . If moreover H satisfies 
Conjecture 5.B.5, then G is focal hyperbolic of connected type. 



Proof. If G is focal, its boundary is a sphere, it is of connected type. 

H is not quasi-isometric to a 



Otherwise G is of general type. By Theorem |3. A. 1 



rank 1 symmetric space of non-compact type and therefore G is compact-by- (totally 
disconnected). In particular, H is quasi-isometric to a vertex-transitive connected 
finite valency graph, and this is a contradiction in case Conjecture 5.B.5 holds. □ 



Using a number of results reviewed above, we can relate the two conjectures. 
Proposition 5.B.7. Conjectures 5.B.1 and 5. B7^ are equivalent. 
Proof. Assume Conjecture 5.B.1 holds. To prove Conj ect ure |5 . B . 5 , we need to show 



that for every purely real Heintze group H of dimension > 2 quasi-isometric to a 
connected vertex-transitive finite valency graph X, the group if is a closed cocom- 
pact subgroup of isometrics of a rank one symmetric space. The hypothesis implies 
that H is quasi-isometric to the totally disconnected group Isom(X). By Lemma 
2.A.1, Isom(X) is either focal of totally disconnected type or of general type. The 
focal case is excluded by Corollary 5. A. 3 So Isom(X) is of general type and we 



are in position to apply Conjecture 5.B.1 Since we just checked that H is not 



quasi-isometric to a tree. Conjecture 5.B.1 implies that H has a continuous proper 
cocompact action on a rank 1 symmetric space of noncompact type. 

Conversely assume Conjecture 5.B.5 holds. Let G, H be quasi-isometric hyper- 
bolic LC-groups, with G of general type and H focal. By Theorem 2.C.4 H acts 
continuously, properly cocompactly on a millefeuille space X[k\. By Proposition 
5.B.3, min(dim(X), fc) < 1. If dim(X) = 1, so that X[k] is a regular tree, then by 



Theorem |4.A.1[ G also has a continuous, proper cocompact action on a regular tree. 

Otherwise, k = 1 and dim(X) > 2, so X = X[V\ is a homogeneous negatively 
curved manifold. By Lemma [2. E. 2 X is quasi-isometric to some purely real Heintze 
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Figure 2. A pointed 2-sphere: the boundary of a generic hyperbolic 
semidirect product x R. 

group Hi. If Hi is a minimal parabolic in the group of isometries of a rank 1 



symmetric space X, then Theorem 3.A.1 implies that both G and H have continuous 
proper cocompact isometric actions on X. Otherwise, we apply Lemma 5.B.6 (in its 



stronger conclusion, since Conjecture 5.B.5 holds by assumption), so Lemma [5 .6.6 



implies that every LC-group quasi-isometric to Hi is focal, which is a contradiction 
for G. □ 

Remark 5.B.8. Another restatement of the conjectures is that the class Cf^^ (see 



Proposition 2.E.3) is closed under quasi-isometries among CGLC-groups. 



Let us now give a more precise conjecture. 

Conjecture 5.B.9 (Pointed sphere Conjecture). Let H he a purely real Heintze 
group of dimension > 2. Let u be the H -fixed point in dH. If H is not isomorphic 
to the minimal parabolic subgroup in any simple Lie group of rank one, then every 
quasi- symmetric homeomorphism of dH fixes u. 

The justification of the name is that the boundary dH naturally comes with 
a distinguished point; topologically this point is actually not detectable since the 
sphere is topologically homogeneous, but the quasi-symmetric structure ought to 
distinguish this point, at the notable exception of the cases for which it is known 
not to do so. 

More precisely: 



In turn, the pointed sphere Conjecture implies Conjecture 5.B.5 



Proposition 5.B.10. Let H satisfy the pointed sphere Conjecture. Then it also 



satisfies Conjecture 5.B.5 



Proof. Let H satisfy the pointed sphere Conjecture. If H is minimal parabolic, both 
conjectures are tautological, so assume the contrary. Assume by contradiction that 
H is QI to a vertex-transitive graph X of finite valency. The action of Aut(X) on 
its boundary is conjugate by a quasi-symmetric map to a quasi-symmetric action 
on dH. By assumption, this action fixes a point. So Aut(X) is focal of totally 
disconnected type, contradicting Corollary 5. A. 3 □ 



Theorem 5.B.11 (Pansu, Cor. 6.9 in |Pa89dj ). Consider a purely real Heintze 
group X R, not of Carnot type (see Definition 2.F.1). Suppose in addition that 



the action ofH on the Lie algebra n is diagonalizable. Then H satisfies the pointed 
sphere Conjecture. 

In case N is abelian, the assumption is that the contracting action of R is not 
scalar (in order to exclude minimal parabolic subgroups in PO(n, 1) = Isom(Hj^)). 

Theorem 5.B.12 (X. Xie |Xi09b] ). The pointed sphere Conjecture for H = N xi H 
holds when N is abelian. 
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In Theorem |5.B.12[ the most dehcate case is that of an action with scalar diagonal 



part and nontrivial unipotent part; it is not covered by Pansu's Theorem 5.B.11 



Theorem 5.B.11 covers all cases when H has dimension 3 (i.e. N has dimension 2), 
with the exception of the semidirect product x R with action by the 1-parameter 

(e* te*\ I— :— 1 
Q 1 , which is dealt with specifically in |Xi09aj . 

The first next examples of purely real Heintze groups not covered by Theorem 



5.B.12| are semidirect products Heis x R, where Heis is the Heisenberg group, with 
the exclusion of the minimal parabolic subgroup Carn(Hei3 
Isom(H^ 



PU(2,1) 



If the action on (Hei 



3jab 



see Remark 2.F.2) in 
Heig] 



Hei3/[Hei3, Heia] has two distinct 
eigenvalues, then Pansu's Theorem 5.B.11 applies. So the only open case of the 
pointed sphere Conjecture for dim(if) = 4 is the one for which the action on (Hei3)ab 
has is not diagonalizable but has scalar diagonal part. 

Note that if we specify the pointed sphere to purely real Heintze groups of Carnot 
type Carn(iV), none of the previous results is applicable. Note that if is abelian 
or is a generalized (2n + l)-dimensional Heisenberg group Hei2n+i (characterized 
by the fact its 1-dimensional center equals its derived subgroup), then Carn(A^) 
is minimal parabolic. Therefore, the first test-cases would be when is a non- 
abelian 4-dimensional simply connected nilpotent Lie group: there are 2 such Lie 
groups up to isomorphism: the direct product Heis x R and the filiform Lie algebra 
(R[x]/x^) X R where t G R acts by multiplication by (1 + x)* 



l+tx+ 



5.C. Applications of the conjectures to quasi-isometric classification. The 

QI classification can be addressed as follows: given a CGLC-group H, describe the 



class Q{H) of CGLC-groups H quasi-isometric to H (Corollaries |3.A.2 and 3. A. 3 
are typical applications of a complete answer to such a question, which do not follow 
from a partial answer such as the description of finitely generated groups in the class 
Q{H). 

Let us focus to the case of amenable hyperbolic LC-groups. When H = {1} the 
trivial answer is: Q({1}) is the class of compact groups. When H = H, Corollary 



4.D.2 provides various descriptions of the class Q(R). More generally, using Losert's 



polynomial growth theorem jLo87] and H.C. Wang's embedding theorem [Wa56i| . one 
can describe Q(R") for arbitrary n as the class of locally compact group admitting 
a continuous proper cocompact isometric action on R". 

If a purely real Heintze group H is minimal parabolic in a simple Lie group of rank 



1, then the class Q{H) is described by Theorem 3.A.1 as the class of locally compact 



groups admitting a continuous, proper and cocompact action on the corresponding 
symmetric space. 

Proposition 5.C.I. Assume that H is a purely real Heintze group of dimension 
> 1. Assume that H satisfies Conjectures \5.B.5 and 5.A.8[ Then a CGLC group G 
is quasi-isometric to H if and only there exists a negatively curved simply connected 
Riemannian manifold X , and continuous isometric proper cocompact actions of G 
and H on X, the action of H being simply transitive. 

Proof. The "if" part is clear; conversely suppose that G is quasi-isometric to H. 

If dim(if) = 1, resp. if H is isomorphic to a minimal parabolic in a simple Lie 
group of rank 1, then the conclusion follows from Corollary 4.D.2 resp. Theorem 
3.A.1 Otherwise, using Conjecture 5.B.5 by Lemma 5.B.6[ G is focal of connected 
type. Therefore G admits a continuous, proper cocompact isometric action on a ho- 
mogeneous simply connected negatively curved Riemannian manifold A; by Lemma 
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2.E.2[ we can assume that X also admits a continuous, simply transitive action of a 



purely real Heintze group Hi. So Hi is quasi-isometric to H and thus by Conjecture 



5. A. 8 Hi is isomorphic to H, finishing the proof. □ 



5.D. Further aspects of the QI classification of hyperbolic LC-groups. This 
final subsection is much smaller than it should be. It turns around the general 
question: how is the structure of a hyperbolic LC-group of general type related to 
the topological structure of its boundary? 

The following theorem is closely related, in the methods, to the QI classification 
of groups quasi-isometric to the hyperbolic plane. It should be attributed to the 
same authors, namely Tukia, Gabai, and Casson-Jungreis, to which we need to add 
Hinkkanen in the non-discrete case. 

Theorem 5.D.I. Let G be a hyperbolic LC-group. Then dG is homeomorphic to 
the circle if and only if G has a continuous proper isometric cocompact action on 
the hyperbolic plane. 

Proof. The best-known (and hardest!) case of the theorem is when G is discrete. 
See for instance |KB02[ Theorem 5.4]. It immediately extends to the case when G 
is compact-by-discrete (i.e. has an open normal compact subgroup). 

Assume now that G is not compact-by-discrete. Consider the action a : G ^ 
Homeo(5G) on its boundary by quasi-symmetric homeomorphisms. Endow Homeo(5G) 
with the compact-open topology, which (for some choice of metric on dG) is the 
topology of uniform convergence; the function a is continuous. Since G is non- 
elementary hyperbolic, the kernel of a is compact, and therefore by assumption the 
image a{G) is non-discrete. We can then apply Hinkkanen's theorem about non- 
discrete groups of quasi-symmetric homeomorphisms |Hi90j : after fixing a homeo- 
morphism identifying dG with the projective line, a{G) is contained in a conjugate 
of PGL2(R). Thus after conjugating, we can view a as a continuous homomorphism 
with compact kernel from G to PGL2(R). It follows that H = G'/Ker(a) is a Lie 
group. Since G is not compact-by-discrete, we deduce that the identity component 
H° is non-compact. 

If H is focal, then it acts continuously properly isometrically cocompactly on a 
millefeuille space X[k]; the boundary condition implies that k = 1 (so X[k] = X) 
and X is 2-dimensional, hence is the hyperbolic plane. Otherwise H is of general 
type, and since H° is non-compact we deduce that if is a virtually connected Lie 
group; being of general type it is not amenable, hence not solvable and we deduce 
that the image of H in PGL2(R) has index at most 2. Thus in all cases G admits 
a continuous proper cocompact isometric action on the hyperbolic plane. □ 

Conjecture 5.D.2. Let G be a compactly generated locally compact group. Suppose 
that G is quasi-isometric to a negatively curved homogeneous Riemannian manifold 
X . Then G is compact- by- Lie. 



Proposition 5.D.3. Conjecture 5.D.2 is implied by Conjecture 5.B.1 



Proof. Suppose Conjecture 5.B.1 holds. Let G be as in Conjecture 5.D.2 its bound- 



ary is therefore a sphere. If G is focal, then it is compact-by-Lie by Proposition 



2.E.1 Otherwise it is of general type. Since Isom(X) contains a cocompact solv- 



able group by |He74t Proposition 1], we deduce from Conjecture 5.B.1 that G has 
a continuous proper isometric action on a symmetric space, which implies that it is 
compact-by-Lie. □ 
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It is a general fact that if the boundary of a non-focal hyperbolic LC-group con- 
tains an open subset homeomorphic to R*^ for some n > 0, then the boundary is 
homeomorphic to the n-sphere: see |KB02[ Theorem 4.4] (which deals with the case 
of finitely generated groups and n > 2 but the proof works without change in this 
more general setting). 

Question 5.D.4. Let G be a hyperbolic locally compact group whose boundary is 
homeomorphic to a ci-sphere. Is G necessarily compact-by-Lie? 



A positive answer to Question 5.D.4 would imply Conjecture 5.D.2 , but, on the 
other hand would only be a very partial answer to determining which hyperbolic 
LC-groups admit a sphere as boundary, boiling down the question to the case of 
discrete groups. At this point. Question 5.D.4 is open for all > 2. 

Interestingly, in the Losert characterization of CGLC-groups with polynomial 
growth |Lo87j . the most original part of the proof precisely consists in showing that 
such a group is compact-by-Lie. 
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